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Abstract

Identify the vertices of the 4-dimensional tetrahedron, or simplex, with
unit quaternions. In this paper we show that, under stereographic projec-
tion, the nontrivial quotients of these quaternions form a 3-dimensional
dodecahedron. Then, we explore the algebraic structure of the aforemen-
tioned dodecahedron and investigate the properties and patterns of longer
products of the five original unit quaternions and their inverses.



1 Introduction

Let (t,z,y, ) be a point in R, Then its corresponding quaternion (represented
by a matrix) is
t+ix y+iz
( —y+iz t—ix )

It can also be represented as t 4 i +yj + zk. If t=0, then (¢, z,y, z) corresponds
to a pure quaternion. If t? + 22 +y% + 22 = 1, then (¢, x,y, 2) corresponds to a
unit quaternion. The product of two quaternions can be obtained by multiplying
their matrix representations. In addition, the product of two unit quaternions
is also a unit quaternion.

If we let u be a unit quaternion, and take ¢t = cosf and /x2 + y2 + 22 =

sinf, then u = cos@ + sinfug, where ug = 2222k Tetting ¢ be a pure
/x2+y2+22

quaternion corresponding to a point p in R3, then the map ¢ — uqu* is a
rotation of p in R? by an angle of 26 about the axis of Oug. Note that the prod-
uct of two unit quaternions corresponds to the compostion of their respective
rotations of R3.

We will work on the unit sphere S2 € R* and illustrate the results with the
stereographic projection of S* onto R? U {oc}.

2 Points of the 4D tetrahedron

We used the following set of vertices for the 4D tetrahedron:
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3 Obtaining the dodecahedron

The vertices of the 4D tetrahedron are on the unit sphere, so we can iden-
tify them with unit quaternions. Let Qo = {a,b,c,d, e} be the quaternions
obtained from the points pi,ps2,p3, ps and ps, respectively. The quaternions
corresponding to the vertices of the 3D dodecahedron can be obtained by the
following method, which was devised by Ocneanu. We multiply each of the five
quaternions by a~! on the left. This will give us the following five quaternions:



ala=1,a"'b,a 'c,a'd, and a 'e. Then we repeat this procedure with b1,

¢!, d71, and e~!, yielding a total of 25 unit quaternions. However, we will

disregard all trivial products which give us the identity. This leaves us with

20 distinct unit quaternions (denoted as set Qi), which we can identify with

20 points on S3. When appropriate, we will refer to 4D points as quaternions
1

and vice versa. Using the fomula (zg, z1, 22, 23) — m(ml, Z9,x3), We stereo-

graphically project the points onto R3. Let Ql represent the set of 20 3D points
obtained in this way.

4 Two properties of the sets Q; and (31

Now we will show that each of the 20 points on S (namely, points of the form
wflwg, where w; # wy € Q) is the same distance from the identity in R*.
Since Qq are the vertices of the 4D regular tetrahedron, the distance in R*
between any pair of vertices is equivalent. From this, we know that the distance
is given by
dR4 (w;lwl, I) = d]R4 (wl, ’LUQ) = C,

where C' is some constant. Thus, all elements of Q; are the same distance from
the identity in R*. Moreover, this implies that they are on the same level curve
in R*, so their stereographic projections in R? will have equivalent norms.

Consider two sets of three distinct points, (21, z2, x3) and (y1,y2,ys3), where
all z;,y; € Qp. There exist unique unit quaternions u and v such that y; = uz;v.
Thus,

vi 'y
= (v ey ) (ugv)
= vilelxgv

1 1

and similarly, y;lyl =v x5 z1v. Then

dra (y1 Y2095 y1)

= dpa (v (2] te)v, v (g Ly )

= dpa (2] w2, w3 2y
By the above result, all lines in R* with vertices in the form of (] *x2, xg_lxl),
where x1 # xo # x3 € Qp, have equivalent lengths. Moreover, all the vertices
of lines with this form are elements of Q;. Thus, stereographic projection will
scale the line lengths by the same factor, resulting in equivalent lines lengths in
R3 also.

5 Proof that (31 gives the vertices of the 3D reg-
ular dodecahedron

It is a geometric fact that the 3D regular dodecahedron can be constructed as
follows: take a regular tetrahedron inscribed into a sphere and find its negative.



Combined, the two sets of points give vertices which form a regular cube. For
each edge of the cube, find a point on the sphere that is equidistant from the
two vertices of the edge. Since a cube has 12 edges, there will be 12 such points.
Together with the eight vertices of the cube, these 20 points is a set of vertices
for the regular 3D dodecahedron. The following proof, which was outlined by
Ocneanu, shows that the elements of Q; are precisely these vertices.

Now consider the set Qq as defined above. Each point in Q; corresponds
to a product of unit quaternions in Q; (i.e. a~'b,e~!c). Since a is the iden-
tity, the products a='b,a'c,a"'d, and a~!e are just the original quaternions
b,c,d, and e. After stereographic projection, these points will form a 3D regular
tetrahedron. We will now refer to points in Q in terms of their corresponding
quaternions in Q;. Taking the inverse of each vertex, we will obtain another
tetrahedron with vertices b~'a, ¢ 'a,d 'a, and e~'a. Note that these products
belong to Q1. These two tetrahedrons form a cube.

The edges of the cube are of the form (a~1y;,y; 'a), where each of the two
points is a vertex of the edge and y1 # y2 € {b,¢,d,e}. Now we want to find
a point that is equidistant from both vertices. By the second property of the
previous section, the point y; Ly has this property. Since there are 12 edges,
there are 12 such points, which is all the possible combinations of two elements
from {b,c,d,e}. Combined with the eight vertices of cube, these are the 20
vertices of a 3D regular dodecahedron. Moreover, these 20 points are exactly
the elements of Q1, which completes our proof.

A natural question arises here. What if we had taken the products in the
beginning with the inverses on the right side instead of the left? In this case, we
would still obtain a dodecahedron. However, we would obtain a set of vertices
different from Q.

6 Classifying pairs of points in Q; by edge dis-
tance of corresponding points in Q;

Let dgp (xl_lxg, x§1x4) with z; € Qg represent the minimum number of edges
of the 3D dodecahedron which are needed to travel from 2 'zy to 25 '24. Note
that for a point p, dgp(p,p~!) = 5, the maximum edge distance between two
points in Ql. Given two points p; and po, there exists a unique five edge-
length path between p; and pfl that passes through ps. Thus, dgp (pfl,pg) =
5 —dep(p1,p2)-

6.1 Case 1: |[{z1,z2} N{xs3, 24} = 2

Suppose z1 = x3 and x5 = z4. Then dED(xl_lxg, osg_lx4) = 0 trivially. It follows
that dED(xl_le,lexg) =5.



6.2 Case 2: |{I1,$2} N {I3,1’4}| =1

Suppose 1 = x3. Then by an isometry theorem for R*, dps (xflx%xglm) =
drs(x2,x4). Recall that zo and x4 are vertices of the 4D tetrahedron, and
after stereographic projection, they become vertices of the 3D tetrahedron,
which are the diagonal points on each face of the cubes inherent in the do-
decahedron. These diagonal points have an edge distance of 3, and since
xl_latg, x§1x4,x2, x4 € Qq, the stereographic projection will scale the distance
between the first two points and the distance between the latter two points
with the same factor. Thus, dED(ZL'l_liEQ, :E3_1394) = dgp(x2,x4) = 3. Similarily,
if xo = a4, dED(xflxg,xglu) = dED(xfl,xgl) = 3. Now let 1 = x4 or
2o = x3. These are the complementary cases to the above two situations. In
both cases, dED(xl_lxg,xglm) =5-3=2.

6.3 Case 3: |[{z1, 22} N{x3, 24} =0

Now let all four z;’s be distinct. Only one pair of complementary edge distances
remains: one and four. In R*, four points of a positive (negative) orientation can
only be rotated to four points which also have positive (negative) orientation.
We can calculate the orientation of the points (x1,z2, 3, z4) by taking the de-
terminant of the 4 x 4 matrix, (z1|x2|rs|zs). A positive (negative) determinant
corresponds to positive (negative) orientation. For example, det(a|b|c|d) is neg-
ative, so (a,b,c,d) has negative orientation. By straightforward calculations,
we find that dgs(a=1h,c1d) < dgs(a='b,d"'c). Thus, dgp(a=tb,c7td) = 1,
and accordingly, dgp(a='b,d"'c) = 4. Furthermore, if (21,2, 23, 24) has neg-
ative orientation, then dED(xflmg,xglm) = 1. If (z1, 22, x3,24) has positive
orientation, then dgp (xl_lxg, m§1x4) =4.

6.4 Algebraic structure of dodecahedron edges

One property of special interest is that if we take the points abed and attach the
remaining element of Qg (namely, e) on the end of the list, then the list becomes
an even permutation of abede. Recall that (a,b,c,d) has negative orientation.
Then if 21 zox32425 is an even permutation of abede, (1,22, 3, 24) has negative
orientation also, so dED(xl_lxg,mglm) = 1. In other words, the edges of the
dodecahedron have vertices (.731_1.732, x5 13:4), where all z;’s are distinct elements
from Qg and zyzex3rsws (Where x5 is the remaining element of Qq) is an even
permutation of abcde.

There are 120 permutations of abcde, but we want only the 60 even per-
mutations. But since (v 'wo, 23 x4) = (23 w4,z 22), we are left with 30
permutations, which precisely gives us the vertices of the 30 edges of the dodec-
ahedron.



7 Algebraic structure of dodecahedron faces

It turns out that there is another useful property of even permutations of
abede. Let ariroxsrs be an even permutation of abede with a fixed. Then
(a7 tay, xytas, xyta, x7 2, x3'wy) are the vertices (in clockwise order) of
one of the 12 pentagonal faces of the dodecahedron. For example, abede repre-
sents the face with vertices {a='b, ¢~'d, e~ta, b='c, d~'e}. Notice that the
vertices are made up of the cycle abcde repeated twice. The vertices of the other
11 faces are also just even permutations of abcde (with a fixed) repeated twice.

Once again, we start with 120 permuations of abcde. There are 60 even
permutations, and when we fix a at the beginning, we are left with the 12
distinct permutations that give us the faces of the dodecahedron.

8 Rotational symmetries of the dodecahedron

The dodecahedron has 60 (counterclockwise) rotational symmetries. Besides the
identity rotation, there are four rotations about the centers of each of 6 pairs
of opposite faces (multiples of 2?”), two rotations about each of the 10 pairs of
opposite vertices (multiples of 2?“), and one 7 rotation about the center of each
of the 15 pairs of opposite edges. Each of the 60 rotations is a bijective mapping

of Qp to Qp.

8.1 Observations on rotations about faces

Let a face be determined by xgzi1x2x374, an even permutation of abcde with
xo fixed as a. Then a %’T (counterclockwise) rotation of the dodecahedron
about the center of the face can be described by the map z; —— T(i13)mods-
Since every vertex of the dodecahedron is of the form w~'y, where w # y €
{0, x1, 22,23, 24}, the map tells us precisely which vertex rotates into which
other vertex. If we examine the face aecbd, a %’T rotation can be described by
the permutation bdaec. More specifically, it stipulates that the five vertices of

the face determined by aecbd rotates according to the following map
(a e, ¢'b, d7ta, e7te, b1d)

!
(b7'd, a~te, ¢7'b, d ta, e ¢

far 6m 87 can be obtained by composing rotations of 2?”

Rotations of =, 3, &

8.2 Observations on rotations about edges

Given an edge with vertices (xflxg,xglm), where x1,%2,%3,24 € Qp, a ™
rotation of the dodecahedron about the center of that edge can be described by
the map {zy — x3, T2 — X4,23 — X1,T4 — Ta,T5 — T5}, where x5 is
the remaining element of Qq. Since every vertex of the dodecahedron is of the



form w1y, where w # y € {1, 22, 23,74, 75}, the map tells us precisely which
vertex rotates into which other vertex. For example, if we want to rotate by m
about the edge (a=1b,c~td), the vertices b~ 'e and d~'a would be rotated into
d~'e and b~ ¢, respectively.

8.3 Observations on rotations about vertices

Given a vertex z] 'z, a 2% (counterclockwise) rotation of the dodecahedron
about the vertex can be defined by the following method: We first choose
z1 € Qo, 21 # x1,7z2. Then we choose 2o € Qq, 22 # w1,%2,21 so that
(z7 @y, 27 22) are the vertices of an edge of the dodecahedron. Then the ro-
tation can be described by the map {z1 — x1,29 — X2,21 — 23,22 —
21,%3 — 23}, where zg is the remaining element of Qp. Since every vertex
of the dodecahedron is of the form w~ly, where w # y € {x1, 72,21, 24, 23},
the map tells us precisely which vertex rotates into which other vertex. For
example, if we want to rotate by 27” about the vertex b~'d, we can choose to
use the edge with vertices (b='d,a='e). In this case, z3 = ¢. Then the map
{b — b,d — d,a — c,e — a,c — e} will rotate the vertices b~'le and
d~'a into b~'a and d~'c, respectively. Rotations of 4% can be obtained by

3
composing two rotations of 2%

9 Longer quaternion products

Beyond the dodecahedron, we also examined larger products of the elements in
Qo and their inverses. As stated before, Qi represents nontrivial products of
the form ~'y where 2,y € Qu. We define Q; to be the set of quaternions which
are the result of the noncollapsing products (i.e. no pairwise cancellations) of
elements of Q. For example,

Q={zy|z,yc Q}={w oy 'z |w,zy,2€Qo}

Q3 = {xyz | x,Y,z S Ql} = {u_lvw_lxy_lz ‘ uw,v,w,r,yY,z S QO}

9.1 Q,

When we examined Qg, the stereographic projection of Q2, we noticed that the
points can be divided into 5 layers by their norms. Those norms, beginning
with the smallest, are

Since the points that make up each of the layers of QQ lie on a sphere in R3
centered at the origin, the pre-image of those points under stereographic pro-
jection lie on a level curve of $* C R*. This is the same as saying that points
of Q2 with the same norm correspond to Qs points with the same ¢ coordinate.



To discuss the different layers of QQ, we’ll use Qg[z] to refer to the ith norm
layer of Qg, as ordered in (??). For example, Qa[2] = {a: €eQq | ||zl = ,/15—1}.

9.2 Observations about the norm layers of Qg

At least two of the levels in Q, namely, Q2[2] and Qa[3], can be found on
Ql, the dodecahedron. Let L be the set of all lines on the dodecahedron which
connect points on the same face, but which are not edges of the dodecahedron.
Then Q2[2], after proper normalization, is exactly the intersection points of
these lines on the faces of the dodecahedron. Thus, QQ[Q], is the set of points
which form small pentagons on each of the faces of the dodecahedron. If these
lines are parameterized by ¢ € [0, 1], these points occur at exactly the point
t= ﬁ, the inverse of the golden ratio.

It turns out, on the other hand, that 62[3] can be obtained, after proper
normalization, by intersecting the lines in L with circles centered on the faces of
the dodecahedron so that the points obtained actually form regular decagons on
the faces of the dodecahedron. We checked that these points gave us decagons
by computing the dot products and distances between the points to show that
they formed a regular polygon.

9.3 Algebraic characterization of the layers of Qg

Each of the six QQ[Z']’S has a distinct alegraic form, which is related to the
characterization of the six distinct edge distances in the dodecahedron, Ql.

Each of the points in Q2 are of the form u~tvz~ly where u,v,z,y € Q.
Each of the Qa[i]’s lies on a sphere of some radius in R?, and thus, the pre-
image of these points under stereographic projection corresponds to the slice
of $2 ¢ R* with some constant ¢ coordinate. Since we are dealing only with
unit quaternions, we know that all the elements of Q2 are on the unit sphere in
R*. If we can then determine the distance between (1,0,0,0) € R*, the identity
quaternion, and the elements of Q2, we will essentially know the ¢ coordinate
for each of the quaternions in Q5. This is because the intersection of the unit
sphere centered at the origin with another sphere of some radius centered at
(1,0,0,0) is exactly the slice of S® C R* with some constant ¢ coordinate. With
knowledge of this ¢ value, we will be able to identify which of the Qg[i]’s the
quaternions belong to.

Now let’s try to characterize the t coordinate of the elements of Qo. If
a € Qo, then it is of the form v~ tvaz 1y with u, v, z,y € Qo. We know that the
distance from a to the origin is 1 because u, v, x,y are unit quaternions. We’ll
use the notation dga(a, (0,0,0,0)) = [|a|| = 1. Now consider the distance from

a to the identity. We multiply on the left with u and on the right with y~!, and
by the quaternion isometry theorem, we have that
dra(a,I) = dga(u" vz y, I) = dpa(ve™ uy™t). (2)



The right hand side of this equation seems to be very close to what we were
considering when we were looking at the edge distances of the dodecahedron,
except that the inverse elements are in the wrong positions. If we do a little
more multiplication we get

dra(a, I) = dgs(ve™ uy™") = dpa (v v,y ' 2). (3)

Now the right hand side of this equation is exactly the distance between the two
points of the dodecahedron, u~'v and y~'x. In this way, we have defined a map
from elements of Qs to pairs of vertices making up edges in the dodecahedron.

-1

u oy - (u e,y

x) u,v,z,y € Qo (4)
All elements of Q2 which map to vertices of the same edge distance have the
same distance to the identity in R*, and therefore lie on the same norm layer of
Qo.
Using this map and the previous characterization of the edge distances on
the dodecahedron, we can give the following characterization of the Qa[i]’s:
. Qg[l] has elements of the form u~lvz~'y where u,v,z,y € Qg are all
different and (u,v, x,y, *) is an odd permutation of (a,b,¢,d,e).

1

. Q2[2] has elements of the form v~ 'zu~ly where u,z,y € Qg are all dif-

ferent.

1

° (52[3] has elements of the form u~'zy~'u where u,z,y € Qo are all dif-

ferent.

° (32[4] has elements of the form uw~!vz~ly where u,v,2,y € Qg are all

different and (u,v,x,y, *) is an even permutation of (a,b,c,d, e).
) (52[5] has elements of the form z~'yx~'y where z,y € Qq are different.

Note that the elements of Qg[l] map to exactly the pairs of vertices on the
dodecahedron with an edge distance of one. The elements of (52[2] correspond
to the pairs of vertices of the dodecahedron with an edge distance of two. This
pattern continues for the other Q2[i]’s. This is a result of the way we chose the
stereographic projection. Using the map (zg, z1, 22, x3) — ﬁ(zl, X9, T3) We
are projecting from the “south pole” of the sphere S3. If we had projected from
the north pole, the order of the edge distances that each Qa[i] corresponded to
would be inverted.
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